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Abstract. We study the boundary of the Milnor fibre of real analytic singu- 
larities / : (R m ,0) — > (R fe ,0), m > k, with an isolated critical value and the 
Thorn a^-property. We define the vanishing zone for / and we give necessary 
and sufficient conditions for it to be a fibre bundle over the link of the singular 
set of / (0) . In the case of singularities of the type fg : (<C n ,0) — > (C, 0) with 
an isoalted critical value, /, g holomorphic, we further describe the degener- 
ation of the boundary of the Milnor fibre to the link of fg. As a milestone, 
we also construct a Le's polyhedron for real analytic singularities of the type 
fg : (C 2 , 0) — > (C, 0) such that either / or g depends only on one variable. 



Introduction 

A fundamental problem in mathematics is understanding the way how the non- 
critical levels F t := H B e of an analytic map-germ (M m ,0) -4 (M fe ,0), m > 
k, degenerate to the special fibre Fq := / _1 (0) n B £ . For instance, when / is 
holomorphic, the celebrated Milnor's fibration theorem says that the F t form a 
locally trivial fibration over a punctured disc. And a remarkable theorem of Le 
Dung Trang [5] says that when / further has an isolated critical point, inside each 
F t one has a polyhedron P t of middle dimension which "collapses" as we approach 
the special fiber, and the complement F t \ Pt is diffeomorphic to Fq \ {0}. If / is 
holomorphic with non-isolated singularities, one still has Milnor's fibration theorem 
and there is a rich theory, developed by D. Massey and many others, explaining 
how the fibers F t degenerate into the special fiber Fq. 

There is an alternative viewpoint to this problem, which arises from work by 
biersma [H] . Michel-Pichon 0[7] and Nemethi-Szilard [TT] (see also 0). For this 
we recall that given a real analytic map-germ / as above one has the link of /, that 
we denote by L , which by definition is L := / _1 (0) D § e , the intersection with a 
sufficiently small sphere. The link can be regarded as being the boundary of F , 
and it is non-singular if and only if / has no other critical points near 0. In that 
case Lq is isotopic to the boundary L t of the Milnor fiber F t , and this crucial fact 
was essential in the classical work of Milnor, Brieskorn, Hirzebruck and others, to 
study the topology of the link Lo- 
in general the link L is a real analytic singular variety, whose homeomorphism 
type is independent of all choices and determines the topology of Vq. The boundary 
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of the Milnor fibre is a smooth manifold with a rich topology (see for instance 
[51[31[TT]), and these manifolds L t degenerate into the link L . In this article we 
study this degeneration L t — > Lq. 

We recall that the links of isolated singularities in complex analytic spaces have 
proved to be a rich family of manifolds to be considered for various problems in 
geometry and topology. The setting we envisage here provides a larger class of 
manifolds, which still come equipped with a rich geometry and topology. 



We first prove (Theorem 1.8 1 



Theorem. Let f : (K m ,0) — > (R fe ,0), with m > k, be a real analytic map-germ 
such that S K fc is an isolated critical value and f has the Thorn a f -property. Let 
S be the singular set of V :— / _1 (0) fl B e and let £(£) :— £ n S e be its link. Then: 

(a) There exists a compact regular neighbourhood W of £(E) in S e with smooth 
boundary, such that for all t with \\t\\ sufficiently small, one has that L t \W is 
homeomorphic to Lq\W , where W is the interior of W . 

(b) If we suppose that S has at most an isolated singularity, then W can be chosen 
to be a fibre bundle over £(E) with fibre a disk. 

(c) In this latter case one has that the intersection Wt := L t f)Wt is a fibre bundle 
over L(E) if and only if the intersection Wq := LoHXVt is a fibre bundle over L{Yi), 
and this happens if and only i/E\{0} is a stratum of a Whitney stratification of f . 

We remark that if / is as above, then it has a Milnor-Le fibration (see for instance 
C21): 

f\ '■ n B e — >• d* , 

where B c denotes the closed ball in M. m centered at and with radius e, denotes 
the closed ball in E fc centered at and with radius n and D* denotes the punctured 
disk D r/ \{0}. 

Following |14[ |6] we call a manifold W as in the theorem above a vanishing zone 
for /. So the idea is that outside the vanishing zone W, the link L is smooth and 
diffcomorphic to that part of the boundary of the Milnor fibre which lies outside 
W. Then one must focus on what happens inside W. This is interesting for two 
reasons. On the one hand the boundary of the Milnor manifold, being a smooth 
manifold, can be easier to handle than the link, and understanding the way how 
L t degenerates into L throws light into the topology of the link, just as the study 
of the vanishing cycles on the Milnor fiber throws light into the topology of the 
special fiber. On the other hand we can argue conversely, and understanding the 
degeneration L t — > Lq allows us to re-construct L t out from V :— /~ 1 (0)nB e itself. 
For instance, this was the approach followed in [6l QTJ [3] to show that in the cases 
under consideration in those articles, the boundary L t is a Waldhausen manifold. 

In the second part of this article we concentrate on analytic functions of the 
form: 

fg : (C",0) -> (C,0) , 

where f,g : (C",0) — > (C,0) are holomorphic functions such that the real analytic 
map-germ fg has an isolated critical value at G C. In [13 Pichon and Seade 
proved that such a map-germ has the Thorn a/-property and hence there exist 
sufficient small positive reals < rj << e such that the restriction 

/fl|:(/r 1 (D;)nB«->D; 
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is a locally trivial fibration. 

For this we first extend (in section [2]) Le's construction in [5] of a "vanishing 
polyhedron", to the case of map-germs of the type fg : (C 2 ,0) — > (C,0) with an 
isolated critical point. And then, using the results of sections [l] and [2] we study in 
section [3] the degeneration of the boundary of the Milnor fibre to the link, for real 
analytic map-germs of the type fg : (C™, 0) — !• (C, 0) satisfying some hypothesis. 

Notice that if g is constant, then fg is a holomorphic map-germ. In [BJ, F. Michel 
and A. Pichon describe very precisely a way of constructing a vanishing zone and 
the boundary of the Milnor fibre for holomorphic map-germs (C 3 ,0) — > (C,0). 
This was done also in [3] in a different way, somehow inspired by Nemethi-Szilard's 
work [II], and that construction works also for map germs fg : (C 3 ,0) — > (C,0). 
The constructions we give in this article do not give so much information about 
the boundary of the Milnor as those in [21 [BJ [3], but they have the advantage 
of applying in very general settings, thus throwing light on the topology of real 
analytic map-germs with non-isolated singularities. 

The authors are grateful to M. A. S. Ruas for helpful discussions. 

1. The boundary of the Milnor fibre of non-isolated singularities 

Consider now a real analytic map germ 

/ : (K m ,0) -> (M fe ,0) , m>k, 

such that € K fe is an isolated critical value and / has the Thorn a/-property, so 
/ has a local Milnor-Le fibration. Set V := / _1 (0) and let Lq :— V n S e be the 
link of /. We denote by L(E) := S fl S e the link of the singular set of V. By L t 
we denote the boundary of a Milnor fibre F t , so L t := / -1 (£) (~l S e for t such that 
<C |i| <C e. Then L t is a smooth submanifold of the sphere S e and as \t\ tends to 
0, this manifold degenerates to the link Lq. Following [H] and [BJ (also [3]), in this 
section we look at the way how L t degenerates into Lq. 

1.1. The vanishing zone for real analytic non-isolated singularities. 

We have: 

Definition 1.1. A vanishing zone for Lq is a regular neighborhood W o/L(E) in 
S e with smooth boundary, such that for all t sufficiently near 0, the smooth manifold 
L t \W is diffeomorphic to L \W . 

We shall construct a vanishing zone for every real analytic map-germ / as above, 
using the idea of a cellular tube of a submanifold S of a manifold M, defined by 
Brasselet in [Tj. This construction is classical in PL-topology and generalizes the 
concept of tubular neighborhoods. 

Lemma 1.2. There exists a compact regular neighbourhood W of L(Y>) in S e such 
that its boundary dW is smooth and it intersects Lq transversally. Moreover, if S is 
either a smooth manifold or it has an isolated singularity, then W is a fibre bundle 
over L(Y>) with fibre an (to — r) -dimensional disk in S e , where r is the dimension 
o/E. 

Proof. Let us consider a Whitney stratification of S e such that Lq is a union of 
strata. Now let us consider a triangulation (K) of S e such that each strata of the 
Whitney stratification is a union of simplices. Let (K 1 ) be the barycentric decompo- 
sition of (K). Using (K ; ) one constructs the associated cellular dual decomposition 
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(D) of S e : given a simplex a in (K) of dimension s, its dual d(a) is the union of all 
simplices r in (K r ) whose closure meets a exactly at its barycenter a, that is, 

f fl a = a. 

It is a cell of dimension (m — s — 1). Taking the union of all these dual cells we 
get the dual decomposition (D) of (K). By construction, each cell a intersects its 
dual d(a) transversally. We let W be the union of cells in (D) which are dual of 
simplices in £(£); it provides a cellular tube around L(E) in S e , which means it 
satisfies the following properties: 

(«) W is a compact neighbourhood of L(T,) containing in its interior, and 

dW is a retract of W\L{T); 
(ii) W retracts to £(£); 

(Hi) For any neighbourhood U of in S £ , if the triangulation of S c is suffi- 
ciently "fine" then we can assume W C U. 
Now consider the sets: 

• A := {a G (A') | cr is a (l)-simplex of Lq whose closure intersects dW} ; 

• B := {cr e {K') | cr is a (m — 2) simplex in dW whose closure intersects Lo} . 
Then one can see that 

B = |J d(a). 

<j£A 

Therefore dW intersects Lq transversally. Moreover, if E is either a smooth man- 
ifold or an isolated singularity, it follows that is a smooth manifold without 
boundary, and then it follows from section 1.1.2 of 2J that W is a bundle on !/(£) 
whose fibres are disks. Finally, by a theorem of Hirsch ([!]) we can assume that 
dW is a smooth manifold. □ 

Corollary 1.3. For t sufficiently small, L t intersects dW transversally. As a 
consequence, dWt '■= dW fl L t is a differentiable manifold. 

Proof. Suppose this is not true, that is, suppose that there exists a sequence of 
points (p t ) in / _1 (B*)n9W / , withp t g L t r\dW, which converges to po € L ndW, 
such that T pt L t intersects T pt dW not transversally, for each p t . Set 

T := lim T Pt L t 

and let Reg(L ) denote the regular part of L . Since / has the Thorn aj-property, 
it follows that T Po (RegL ) C T, and since T Po (RegL ) it T Po dW by the previous 
lemma, it follows that T rh T pa dW , i.e., T and T pa meet transversally. Consider 
d a metric in the corresponding Grassmannian. Since transversality is an open 
property, we have that if d(T,T Pt L t ) and d(T po dW, T Pt dW) are sufficiently small, 
then T Pt L t rh T Pt dW , which is a contradiction. Therefore, if ij is sufficiently small, 
one has that T pt L t rh T pt dW, for any t G D r) and p t G (L t n dW). □ 

Lemma 1.4. For any t G B v , the smooth manifold L t \W is diffeomorphic to 
Lo\W. 

Proof. Set M = S £ n f~ 1 (B v )\W. By Ehresmann's fibration lemma for manifolds 
with boundary, /i M : S e fl / _1 (B ?? )\Vl / — > B^ is a fibre bundle if one has the 
following conditions: 

(1) Vp G M, D{f lM ) p : T p (S e ) -> r /(l0 C is a surjection; 
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(2) Vp £ dM, D(f\ SM ) p : T p (dM) -> T f[p) <C is a surjection. 
These conditions are equivalent to the following: 

(1') the fibres of / are transversal to S c ; 

(2') the fibres of / are transversal to dM. 
But (!') follows from Milnor theory ([E]) and (2') follows from Corollary 1.3 □ 



1.2. The topology of the vanishing zone. From now on we suppose that E 
is either a smooth manifold or it has an isolated singularity, of dimension r, with 
< r < m — 2. We want to describe the topology of L inside W := W fl L , 
and the topology of L t inside W t := W fl L t . By construction, we know that W is 
a fibre bundle over L(E), with projection p and fibre the (m — r)-dimcnsional ball 
B(s), centered at s £ £(£). 

B(s) C > W 

p 

L(E). 

For each s € consider the restriction 

f s :B( S )^R m . 

Clearly /7 1 (0) is a compact real analytic variety in B(s), for any s £ L(H). More- 



over, by Lemma 1.2 it has an isolated singularity at £ B(s). Also, for any t £ B* 
one has that f^~ l (t) is a smooth manifold of dimension m — r—1, since t is a regular 
value of f s . 

Lemma 1.5. There exists S sufficiently small such that ifW is taken to be a fibre 
bundle with fibre the ball B$(s) centered at s £ L{Ti), then W t '■= W fl L t intersects 
B$(s) transver sally, for any s £ and t £ B n . 

Proof. Assume first that t = 0. We know that L D and that L(S) intersects 

B,5(s) transversally for any s £ L(E), that is, 

T S (L(S))+T S (B 5 ( S )) =T.(S e ). 

We want to show that ^(Wq) + T v (B 4 (s)) = T y (S £ ) for any y G [llo H B 5 (s)]. Let 
(S a ) be a Whitney stratification of Wq induced by a Whitney stratification of /. 
There are two possibilities: 

Case I: Suppose that s belongs to a stratum of dimension r — 1. Then by the 
(a)-condition of the Whitney stratification, we have that for y sufficiently close to 
s the tangent space T y (RegLo) is very close to a plane P that contains T S (L(S)) 
and so it is transversal to B^s). Since transversality is an open property, it follows 
that Wq intersects Ba(s) in y transversally. So if 5 is sufficiently small, we have 
that Wo intersects B 4 (s) transversally. 

Case II: Suppose that s belongs to a stratum of dimension < r — 1. We can 
consider s' £ L(E) as close to s as we want such that s' belongs to a stratum of 
dimension r — 1. Then for y £ Ba(s) sufficiently close to s, the tangent T y (RegLo) 
is very close to a plane P that contains T s i(L(T,)) and so it is transversal to Bi(s'). 
But since Ba(s) is very close to Ba(s'), it follows that P is transversal to Ba(s). 
Therefore Wo intersects B 4 (s) in y transversally. So if S is sufficiently small, we 
have that W intersects B^(s) transversally. 
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If we take S sufficiently small such that Wo intersects Ba(s) transversally, then 
clearly Wq intersects B$(s') transversally, for any s' £ L(Yi) sufficiently close to s. 
Since L(T,) is compact, we are done. 

Now consider the case t ^ and let 5 be as above. We know that 

T y ,(Wo)+T y ,(B s (s)) = T y ,(S £ ), 

for any y' € [Wo H B,s(s)]. We want to show that 

T y (W t )+T y (B s (s))=T y (S e ), 

for any y g [WinBj(s)]. Since / has the Thorn a/-property, we know that for t > 
sufficiently small, T y (Wt) is very close to a plane P that contains T y i(Reg(Lo)), for 
some y' £ Reg(Lo) n Ba(s) very close to y. But then P intersects T y >(Bs(s)) 
transversally and therefore T y (W t ) intersects T y (Bs(s)) transversally. □ 

Proposition 1.6. The following conditions are equivalent: 

(i) Wo is a fibre bundle over L(E) with projection po = p\ : Wo — > £(£) and 
fibre f-\0); 

(ii) dWo — OWHLq is a fibre bundle over L(E) with projection p\ : 8Wq — > L(H) 
and fibre 9(/~ 1 (0)), the link of f s ; 

(iii) dWt — 8WnL t is a fibre bundle over L(Yi) with projection p\ : dWt — > L(E) 
and fibre d^f^ 1 ^)^ , the boundary of the Milnor fibre of f s ; 

(iv) Wt is a fibre bundle over L(T,) with projection pt — p\ ■ Wt — > L(T,) and 
fibre f-\t). 

Proof. The implications (i) (ii) and (iv) (iii) are immediate, and the equiva- 



lence (ii) (iii) follows from Lemma 1.4 Let us prove now that (ii) (i). First 
we show that / s ~ 1 (0) is homeomorphic to / s 7 1 (0) for all s,s' 6 Fix s € L(E) 

and let the ball Bg(s) C Ba(s) centered at s be a Milnor ball for f s . 

We claim that there exists a neighborhood V s of s in L(T) such that for any 
s' G V s , one has that Bg(s') C 6,5(5') is a Milnor ball for f s >. To prove this claim, 
suppose this is not true, i.e., there exist s' as close to s as one wishes, and 9' with 
< & < 6 such that f^(0) intersects S e / non transversally. Set 5 — 9' . Since 
s' is close to s and since / is continuous, if / s _1 (0) intersects (transversally) S e > 
in q connected components, then /^7 1 (0) intersects Sg> transversally in at least q 
connected components, and non transversally in at least one. Then <9Wo is not a 
fibre bundle over £(£), which a contradiction (see figure [lj. 



f; L (o) 



Figure 1. 
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Then we have that / s -1 (0) nB« ^ Cone(/ s -1 (0) n S e ) and /^(O) nB« ^ 
Cone(f^ 1 (0) n S g ), for any s' e V s , and since we are supposing dW is a fibre 
bundle, we have that / 5 _1 (0) nS fl = /^(O) H S e . Setting 5 = 0, it follows that 
— (0)j ^ or an y s ' e Since is compact, we can choose (5 > 

sufficiently small so that Wo is a fibre bundle. 

Now we just have to show the locally triviality of pi. Given s 6 L(Yj), let V s 
be a neighborhood of s in such that p is trivial in V s , that is, there ex- 

ists a homeomorphism ^ = ("Ji, 1 ^) : P~ 1 (V S ) —> V s x B^(s). We have to show 
that p^iVs) is homeomorphic to V, x pp 1 (s), and then its enough to show that 
p^ 1 (V s ) n L = V, x (Ba(s) n L ). This homeomorphism is given by the map 
9? : p" 1 ^) n L -> F s x (B a (s) n L ) S iven b Y ¥>H := (^(tflJ.^H), with 
(^ _1 (ri,r 2 ) := h ri (r 2 ). Thus we get that (ii) (£). 



The proof of Pr opos ition 1.6 will be complete if we prove (Hi) => (iv); let us 
do so. By lemma |l.5| we know that W t intersects B^s) transversally, for any 
s G L(T,). Since p\ : dW t — > L(E) is the projection of a fibre bundle, it follows 
that it is a surjective submersion. Therefore dW t intersects B#(s) transversally, 
for any s G L(T,). Then it follows from the Ehresmann's fibration lemma that 
P| : Wt — > L(S) is the projection of a fibre bundle. □ 

Proposition 1.7. The following conditions are equivalent: 

(i) Wq is a fibre bundle over with projection p : Wq — > L(H) and fibre 

/ s '(o); 

(ii) is a stratum of a stratification of Wo induced by a Whitney stratifica- 

tion of f; 

(Hi) Either £ or £\{0} is a stratum of a Whitney stratification of f; 

Proof. It is easy to see that (ii) and (Hi) are equivalent. Let us prove (i) => (ii). 
Suppose that / ; T 1 (0) = f^> (0) for any s,s' 6 L(E). Given a point p € Wo, let P 
denote the vector in R m defined by p. For any pi,P2 € Wo, set plpa = P1+P2 and 
denote pip~2 the line in W n determined by plpl. Let (xi) be a sequence of points in 
i?eg(Wo) and (y,i) a sequence of points in L(H) such that: 

lim Xi = s G £(£), lim = s, lim T Xj (i?egWo) = T and lim Xjj/j = A. 

We have to show that T D A. Setting := p(xi), we claim that: 

lim Xiiji C lim (.Reg Wo) , 

if and only if lim XiSi C lim T , 2;i (/~ 1 (0)). In fact, for any s G ^(^), let V s be a 

i— )-oo i— s-oo 1 

neighborhood of s in L(S) such that pi -1 ^) = / s _1 (0) x V s . Then 
T^^Wo) = li, (/"HO)) x T Si (V Si ) , 

and therefore 

lim T Xi (RegW ) = lim r xi (/- x (Q)) x lim T Si (V Si ) . 

Note that = x^ + Siy\ and therefore 

lim x^ = lim xis\ + lim s^. 

i— »oo i— »oo i— >oo 

Then 

lim xijft C lim ^(iiegWo) 
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if and only if 

lim x~^ + lim s~yt C lim T^i/'MO)) x lim T Si (V Si ), 

i—too i—too i— >oo i— >oo 

which happens if and only if 

lim a^C lim T Xi (f-\0)). 

Now consider /ij : Ba(sj) — > B^(s) the homeomorphism such that /ii(/ s ~ 1 (0)) = 
/ s _1 (0). We claim that: 

lim xiSi = lim (/i i (x i ))s. 
For this, set i? := lim XjSi. Then for each p & R, there exists a sequence of points 

i— >oo 

(pi) in M m such that p^ e xisl and p^ — > p. Define p, := pr(hi(pi)), where pr is the 
orthogonal projection of B<s(s) into (hi(xi))s. Since pi — > p, it happens that for 
any arbitrarily small ball B(p) in R m centered at p there exists a some pi in B(p), 
which implies that hi(pi) G B(p) n B^s), and then pi e B(p) n B^s). Therefore 
Pi — >■ p. Thus for all p € i? there exists a sequence of points (p~j) in R m such that 
Pi € (hi{xi))s and p^ — > p, and hence lim (hi{xi))s = R. 
Now we claim 

lim T Xi (f-\0)) = lim T^if-^O)) . 

i— too i— >oo 

For this, set S := lim T Xi (f~(0)). Then for each p e S, there exists a se- 

i— >oo 1 

quence of points (p^) in M m such that pi € 7x i (/ s T 1 (0)) and pj — > p. Consider 
Hi ■ T'a; i (.f s T 1 (0)) — > T |f j.( x .)(/~ 1 (0)) a homeomorphism between these two hyper- 
planes and define p~i := Hi{pi). Since pi — > p, it happens that for any arbitrarily 
small ball B(p) in R m centered at p there exists some pj in B(p), which implies 
that Hi(pi) e B(p) n B^s), and therefore pi — > p. Then Vp e 5 there exists a 
sequence of points (pi) in R m such that pi € 7) l .( a ..)(/~ 1 (0)) and p~j — > p, and hence 
limT, li(Xi) (/ s - 1 (0)) = ,S. 
So we have proved that 

A C T lim (/lite))* C lim ^^(/^(O)). 

But since / s ~ 1 (0) has an isolated singularity, it follows that Reg(f~ 1 (0)) and {s} 
are the two strata of a Whitney stratification of / s _1 (0). Hence lim (hi(xi))s C 

i— >oo 

lim T ?l .( a ,.)(/~ 1 (0)), by the (&)-Whitney condition, and then we are done. 

Finally, let us prove (ii) => (i). By the properties of Whitney stratifications, we 
know that for each s <G L(T,) there exists a neighborhood U s of s in Wo such that 
U s = V s x [/ s _1 (0) n C/ s ], where V s := U s n £(£). Since is compact, we can 

choose S > sufficiently small such that /i~ 1 (0) fl U s = / s _1 (0), for any s € £(£). 
Then we have that pj~ (V a ) = V s x / a -1 (0). In particular, / s -1 (0) ^ / s 7 *(()), for any 

s' e □ 

Combining the results of this chapter we get: 

Theorem 1.8. Let f : (M m , 0) ->• (M fc , 0), urafft m>k, be a real analytic map-germ 
such that £ K* is an isolated critical value and f has the Thorn a f -property. 
Then: 
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(a) There exists a compact regular neighbourhood W of L(T,) in S e with smooth 
boundary, such that for allt with \\t\\ sufficiently small, one has that L t \W 
is homeomorphic to Lq\W, where W is the interior ofW. 

(b) If we suppose that £ has at most an isolated singularity, then W can be 
chosen to be a fibre bundle over £(£) with fibre a disk. 

(c) In this latter case one has that the intersection Wt := L t D Wt is a fibre 
bundle over L(E) if and only if the intersection Wq :— Lq f)Wt is a fibre 
bundle over £(£), and this happens if and only if £\{0} is a stratum of a 
Whitney stratification of f. 

Corollary 1.9. In particular Wt is a fibre bundle over for the following 

map-germs: 

(a) f : (C™,0) — > (C,0) holomorphic with critical locus £ a complex curve 
(which was proved already by Siersma in [14] 

(b) fg : (C 3 , 0) — > (C, 0) where /, g : (C 3 , 0) -> (C, 0) are holomorphic functions 
with no common irreducible components and such that fg has an isolated 
critical value. 

Proof. The first statement follows immediately from Theorem |1.8[ since a germ of 
complex curve has at most an isolated singularity and hence £\{0} is a stratum 
of a Whitney stratification of / (in fact, it is well-known that the singular set of a 
complex variety V is an union of strata of a Whitney stratification (S a ) a£ \ of V 
with Reg(£) = S a , for some a € A). The second statement follows by the same 
reason, since in this case £ is the critical locus of fg, which is a complex curve. □ 



2. Le's Polyhedron for real singularities 

Consider now a real analytic map germ 

/ : (M m ,0) -> (M fe ,0) , 2<k<m, 

such that S M m is an isolated critical point of /. Then / has a local Milnor- 
Le fibration at 0, that is, there exist < r\ ^ e sufficiently small such that the 
restriction 

is a locally trivial fibration. 

In the definition below, just as in [S], by a polyhedron we mean a triangulable 
topological space. 

Definition 2.1. Let Ff := H B e be the local Milnor fibre of f at and set 

V := J _1 (0) l~l B e . A Le polyhedron for the germ of f at is a polyhedron P c Ff 
such that: 

(1) P is a deformation retract of Ff ; 

(2) There is a continuous map "J : Ff V such that P = 4' _1 (0) and 

W : Ff\P V\ {0} is a homeomorphism. Such a map is called collapsing 
map for the local Milnor fibration. 

Notice that if P is such a polyhedron, then the homotopy type of Ff equals that 
of P and therefore Ff can not have homology above the dimension of P. In [S] 
Le Dung Trang described the degeneration of the Milnor fibre of complex isolated 
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hypersurface singularities in terms of a vanishing polyhedron. In this section we 
extend Le's construction of a vanishing polyhedron to real analytic map-germs of 
the type fg : (C 2 ,0) — > (C,0) with an isolated critical point at G C 2 . 



2.1. First step: constructing the polyhedron. 



Define the map : (C 2 ,0) — > (C 2 ,0) by setting 4>(x,y) :— (y, fg(x,y)) . Consid- 
ering complex coordinates x,x,y,y, the Jacobian matrix of <f> is: 



J(tf>) 



so the critical locus of 6 is: 






c)x ■ < 



V 



()x 






1 


1 





1 


-1 


/¥ 

J ox 


dyH 


fdg 

dy 


dx'J 


J dy 


^0 

dyV 



\ 



c(</>) ■■= / 



dx ' 



/—I 

dx ' 



= 



Notice that C(</>) is the zero-set of the real analytic function-germ h : (M 4 ,0) 
(R, 0) given by 



(1) 



,,<9#,2 , df |2 
I/— I - 5" 



dx 1 1 dx 1 

Geometrically the set C(4>) consists of the critical points of fg together with 
the points (x, y) which are regular points of fg and satisfy that the kernel of the 
projection £(x,y) = y is tangent to the fiber {fg)~ 1 (fg(x,y)). 

When / is a holomorphic function-germ, one has that C(<p) and its image by 
(j) are real surfaces in IR 4 (actually they are complex curves), and this property is 
essential in the construction of a Le polyhedron by the methods of [5]. But in the 
case of a real analytic map-germ of the type fg this is not always true. In fact, we 
have the following: 

Remark 2.2. Given <fi as above, let h be as in equation 0, so one has that 
C(h) C /i _1 (0). We claim that if there is a point in /i _1 (0) which is not a critical 
point of h, then dimRC(</>) = 3. To see this, notice that if there exists z 6 ft, _1 (0) 
such that z is a regular point of h, then h~ 1 (h(x)) has real dimension 3 and since 
h-^O) D h-^hix)) it follows dim R CO) = dimR^-^O) = 3. 

Hence, in general we need some extra hypothesis on fg to ensure that </>(C(0)) 
is a real surface. The hypothesis we are going to ask from now on is that the map 
g depends only on the variable y, i.e., g is of the form: 



i{x,y) = g'(y) 



Then 



dg _ 



and we have that: 



C{<f>) = {g = 0} U 



df 

dx 







which is a complex curve in C 2 . Since {g = 0} C (fg) 1 (0), it follows that the 
union of the irreducible components of C that are not contained in (/g) _1 (0) is the 
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complex curve 



r = <g£-o 

ax 



Clearly, the same happens if one has that g depends only on the variable x or if 
the map / depends only on one variable (x or y). 

Now set A := 4>(T), the polar image of fg. Since (f> is not holomorphic, A in 
general is not a complex curve in C 2 , but it can be given a parametrization, as we 
show bellow. 

Since / and g arc holomorphic, we can write them as convergent power series 

oo 

f=J2 K «> bxa y b 

a,b=0 

and 

oo 

9 = Y1 K c y c , 

c=0 

with K a ,b,K c e C. Therefore the real analytic germ fg can be written as the 
convergent power series 

oo 

fS = XI K aAc x a y b y c . 

a,b,c— 

Now consider the decomposition of the complex curve T into irreducible compo- 
nents: 

r = 7iU---U7,. 

Then for each i = 1, . . . , q we can give ji a Puiseux parametrization: 

where a^j € C, with a ifl ^ 0, and n i; niij G N*. For each i = 1, . . . , q, set 

r 4 := 0( 7i ) C C 2 . 

Then each t,- l admits a parametrization in the complex coordinates (u, v) of C 2 : 

oo 

V(U)= [KaAcU h U C (Y, a i^ mi ' i/ni Y]- 
a,b,c=0 j>0 

In particular, if we consider the real analytic function 

■& : R 2 — ► R 2 

u i — > v(u) ' 

we get that r, n {v = t} = i9 _1 (t), for any complex number t, which gives a finite 
union of points. Thus we arrive to the following lemma: 

Lemma 2.3. Let f,g be as above, with g depending only on the variable y and set 
4> = {Hi fS)- Then: 

(1) "The corresponding polar eurve is C = {g = 0} U { % = o} , and therefore 
the union of the irreducible components of C that are not contained in 
(/ff) _1 (0) * s the complex curve T — | g| = oj . 



12 



AURELIO MENEGON NETO AND JOSE SEADE 



(2) Each branch of the real analytic variety A := <fr(T) has a Puisseux parametriza- 
tion. 

(3) For each ( £ C with \t\ > sufficiently small one has that each branch of 
A meets the plane C x {77} C C x C in finitely many points. 

Clearly, we have an analogous lemma if g depends only on the variable x or if / 
depends only on one variable (x or y). 

Now we can follow the same arguments of [5] to construct a Le polyhedron for 
/ as follows. Consider small enough positive real numbers £,771,772 with < 772 <C 
771 <C e -C 1 such that 4> induces a real analytic map 

<f>\ : B e n _1 (D m x D, )2 ) -> D m x D,, 2 . 

It restricts to a fibre bundle over (D r)1 x D^ 2 )\A, where A := <f>\(C) is the discrim- 
inant of cj)\ in D r)1 x ~D m . 

Notice that for any t G D^ 2 \{0} the Milnor fibre B e n can be identified 

with the real surface F t := B £ n 4>^ 1 (D ril x {£}). Fix t G D r(2 \{0} and set 

D t := T> m x {*}. 

Hence <f>\ induces a projection 

Lp t :F t ^ D t , 
which is a finite covering over D t \(A <~) D t ). 

By the previous Lemma we know that the intersection A (1 D t is a finite set of 
points, for any i g D^- Set: 

AnA = {tfi(t),...,w*(*)}. 

Let A t be a point in Z? t \ {yi(t), . . . , yfc(t)} and for each j = 1, . . . , k, let S(yj(t)) be 
a simple path (differentiable and with no double points) starting at At and ending 
at yj(t), such that two of them intersect only at Af. Set 

k 

Qt :=Q*(fi(*)) 
3=1 

and 

which is clearly a one-dimensional polyhedron in F t . 




Figure 2. 



Now we prove that P t is a Le polyhedron for / at as in Definition |2.1| 
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Lemma 2.4. There exists a vector field Vt in D t such that: 

(1) It is differentiable (and hence integrable) over D t ; 

(2) It is null over Qt; 

(3) It is transversal to dD t and points inwards. 

(4) The associated flow q t : [0, oo) x (D t \Qt) — > D t defines a map 

& : dD t — ► Q t 

u i — > lim q t (t, u) ' 

suc/i i/iaf £ t is continuous, surjective and differentiable. 

Proof. For each j = 1, . . . , k, let Nf be a small tubular neighbourhood of 8(y.j(t)) 
in L> t given by the normal bundle. That is, N ] t = 5(yj(t)) x Lj, where Lj is 

a small line segment and each fibre Lj ~ contains the intersection point 

p' = Lj n S(yj(tj). On each fibre L'^ consider the gradient vector field of the square 
of the function given by distance to the point p' . This defines a vector field r\ on 
iVj? which is null over 5(yj(t)) and transversal to dN% , pointing inwards. Now set 

k 

Nt := U N i> 

i=i 

which is a neighbourhood of Q t in D t , and let r t be the sum of the vector fields 
r\ by a partition of unity. Then r t is a C°° vector field on Nt which is null over 
Qt, non-null over N t \Qt, transversal to the boundary dNt and pointing inwards. 
Moreover, the associated flow s t : [0,oo) x (N t \Qt) — > N t defines a continuous, 
surjective and differentiable map 

& : 0N t — ► g t 

u i — >• lim s t (r,u) ' 

T— fCJO 

Then the vector field i>t is obtained by gluing r t , by a partition of unity, with the 
restriction to D t \N t of the gradient vector field of the square of the function given 
by the distance to the point X t . 

□ 

One has: 

Proposition 2.5. We can choose a lifting of v t to a vector field v t in F t so that: 

(1) It is continuous over F t ; 

(2) It is differentiable (and hence integrable) over F t \P t ; 

(3) It is null over P t ; 

(4) It is transversal to dF t and points inwards. 

(5) The associated flow q t : [0, oo) x (F t \P t ) — > F t defines a map 

it : dF t — ► P t 

z i — > lim q t (r,z) ' 

such that ^ is continuous, surjective and differentiable. 

(6) The fiber F t is homeomorphic to the mapping cylinder of it- 

Proof. Since (ft is a covering over D t \Qt, which is differentiable (in the real sense), 
we can lift v t to a vector field v t in F t such that v t satisfies properties (1) to (4). 
Let us show that we can choose v t satisfying also (5): 
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Fix z € dF t . We want to show that lim^oo q t (r, z) exists, that is, that there 
exists a point p £ P t such that for any open neighbourhood U of p in F t there exists 
9 > such that t > 9 implies that gt(r, z) E U. 

From Lemma [274] we know that there exists p € Qt such that: 

lim q t (T,(p t (z)) = p. 

T—tOO 

Then we can fix an arbitrarily small open neighbourhood U of p in D t and guarantee 
that there exists 9 > such that r > 9 implies that q t (T,if t (z)) € [/. 

Set {pi, . . . ,p r } := tp^ 1 (p) and for each j = 1, . . . , r let Uj be the connected 
component of ^^(U) that contains pj. Since q t (r, <p t (z)) = ip t (q t (T, z)) for any 
r > 0, we have that t > 9 implies that (p^ 1 (<ft(<it( T , z ))) C (/3 t " 1 (?7). But then we 
clearly have that gt(r, z) S Z7j for some j £ {1, . . . , r}. Hence ]ha T ^. 00 qt{ T , z ) = Pj- 
This proves (5). 

Now we show that F t is homeomorphic to the mapping cylinder of £ t . In fact, 
the integration of the vector field v t gives a surjective continuous map 

a : [0, oo] x dF t -> F t 

that restricts to a diffeomorphism 

a\ : [0,oo) x dF t ~> F t \P t . 

Since the restriction : {oo} x dF t — > Pt is equal to £t, which is differentiable 
and surjective, it follows that the induced map 

[«oo] : (({oo} x dF t )/ ~ ) -)■ P t 

is a homeomorphism, where ~ is the equivalent relation given by identifying (oo, z) ~ 
(oo,z') if aoo(z) = a co (z / ). Hence the map 

[a] : (([0,oo] x dF t )/~)->F t 

induced by a defines a homeomorphism between F t and the mapping cylinder of 

it- □ 

Corollary 2.6. T/ie Fiber F t deformation retracts to the polyhedron Pt. 



2.2. Second step: constructing the collapse map. 

We will do the construction of the vector field vt above simultaneously for all t 
in a simple path 7 in D, )2 joining and some to € dT) m , such that 7 is transverse 
to <9D r)2 . The natural projection tt : D, ;i x D,, 2 — > T) m restricted to A induces a 
ramified covering 

7T| : A -> D ?)2 

whose ramification locus is {0} C A (otherwise we would have Milnor fibres of fg 
with different homotopy type, which would be an absurd). 

Hence the inverse image of 7\{0} by this covering defines k disjoint simple paths 
in A, and each one of them is diffcomorphic to 7\{0}. 
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Recall that At is a point in D t \ {y\(t), . . . , yk(t)} and that 5(yj(t)) is a simple 
path starting at A t and ending at yj(t), for each j = 1, . . . , k, such that two of them 
intersect only at X t . Then the set 

A:=(jA* 

defines a simple path in G r]1 x 7 such that A n A = {0}. Moreover, we can choose 
the paths 5(yj(t)) in such a way that the set 

T 3 :=\JS(y 3 (t)), 

forms a triangle and 7}\{0} is differentially immersed in 

(J D t = D m x 7 , 

for each j e {1, . . . , fc}. The intersection of any two triangles Tj and Ty is the path 
A, for j, f e {1, . • • , fc} with j £ f. Set 

k 

Q:=\jTj. 

j=i 

Now, let V be a vector field in x 7 such that V is: 

• continuous; 

• null over Q; 

• diffcrentiable over (D ni x 7)\Q; 

• transversal to dD J11 x 7; and such that 

• the projection of V on 7 is null. 

Then the associated flow w : [0, 00) x ((D m x l)\Q) —> x 7 defines a map 

£ : dT> m x 7 — > Q 

z 1 — > lim w(t, z) ' 

T — ^OO 

such that £ is continuous, surjective and differentiablc. 
For any real A > 0, set 

V A (Q) := (D^ x 7 )\t«([0,i4) x OT),, x 7), 

a closed neighbourhood of Q in x 7. Note that <9Va(Q) is a differentiable 
manifold that fibres over 7 with fibre a circle, by the restriction of the projection 
7r. Moreover, x 7 is clearly the mapping cylinder of £. Now set 

F 7 -f^D,, x 7 )nB, 

Since 

0, :F 7 \^ 1 (g)^(D m x 7 )\g 

is a fibre bundle, it follows that _1 (9Vyi(Q)) is a differentiable submanifold of F 1 
which is a fibre bundle over 7. Now we set 

P 7 :=<F\Q), 

which we call the collapse cone of fg along 7. Let be a vector field in 7 that goes 
from t to in time a > 0. 
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Set Z :— Fj\Pj. Since 

Z = r 1 ((D m x 7 )\Q) A (D m x 7 )\g -=+ 7 , 

and 

r\dV A {Q)) ^dV A (Q)^j, 
are differential fibre bundles, we can lift 9 to obtain a vector field £ such that: 

• £ is diffcrcntiable; 

• £ is tangent to _1 (9Va(Q)), for any A > 0. 

Then the associated flow ft, : [0,a]x2->Z defines a C°°-diffeomorphism \l/ from 
F to \P tg to F o \{0} that extends to a continuous map from F to to i*o and that sends 
P to to {0}. Hence we have proved: 

Corollary 2.7. Let f,g : (C 2 ,0) — > (C,0) &e £wo holomorphic germs such that the 
map-germ fg : (C 2 ,0) — > (C,0) ftas an isolated critical point at G C 2 . Suppose 
that either f or g depends only on one variable. Then fg admits a one- dimensional 
Le polyhedron, that is, there exists a one- dimensional polyhedron P in the local 
Milnor fibre Ffg of fg, such that Ffg deformation retracts to P and there exists 
a continuous map ^ : Ffg — > V , where V is the local special fibre, such that P = 
^ ,_1 (0) and ^ : Ffg \ P — > V \ {0} is a homeomorphism. 



3. The degeneration of the boundary of the Milnor fibre of real 

ANALYTIC MAP GERMS OF THE TYPE fg : (C n , 0) -> (C, 0) 

In this section we describe the degeneration of the boundary of the Milnor fibre 
to the link of a real analytic map-germ fg : (C n ,0) — > (C, 0), with n > 3, given 
by two reduced holomorphic germs f,g : (C",0) — > (C,0) satisfying the following 
hypothesis: 

(A) fg has an isolated critical value at e C; 

(B) The critical set S of fg satisfies that either E or £\{0} is a stratum of a 
Whitney stratification of (/<7)~ 1 (0); 

(C) Either g is constant (and hence fg is holomorphic) or the function / (or 
g) depends on only one variable and the map (/, g) : (C™, 0) — > (C 2 , 0) is a 
complete intersection, that is, the intersection / _1 (0) ng -1 (0) has complex 
dimension n — 2. 

For example, every holomorphic 

/:(C n ,0)->(C,0) 

with critical locus S a complex curve, satisfies these conditions (with g = 1). 
We have: 

Theorem 3.1. Let f,g : (C™,0) — > (C,0) be two reduced holomorphic map-germs 
such that the map-germ fg : (C",0) — > (C,0) satisfies the hypotheses (A), (B) and 
(C). Then, for every t ^ sufficiently small, there exist: 

(i) A small neighbourhood W of the link of the critical locus £(£) in the bound- 
ary of the Milnor ball S e such that the part of L t (the boundary of the Milnor 
fibre of fg ) that is not inside W is diffeomorphic to the part of L ( the link 
of fg) that is not inside W. 
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(ii) A polyhedron P t in Wt — L t D W , of real dimension n + k — 2, such that 

W t deformation retracts to P t . 
{in) A continuous map '■ Wt — > Wo = Lq f~l W which restricts to a homeo- 
morphism from Wt\Pt to Wo\L(T,) and sends P t to L(£). 

We already know from [T3] that the hypothesis (A) implies that there exist 
sufficient small positive reals < r) << e such that the restriction 

fg\ : (/<?) _1 (D*) n B e — >• D* , 

is a fibre bundle (as we have already seen before). We also have: 

Lemma 3.2. The hypothesis (A) implies: 

£ = £(/<?) = £(/) U £(«?) U (/^(O) n ^(O)) , 

so, in particular, E is a complex variety. 

Proof. In fact, if we consider coordinates z\, z\, . . . , z n , z n for C", then 

fg = (Vtfg, SSfg) = \ (jg + fg, \{fg - fg)) , 
and the Jacobian matrix of the function fg is given by: 

df g _ fdg_ fS>g_ _ g 9J_ df - _ I dg j dg _ g 9J_ J 

dzi " •* dz± dz\ " dzi ' ' ' dz n " •* dz n •* dz n " dz n / 

So the points in E are determined by the following equations: 
" |/^| = |ff^|,forany. = 0,...,n; 

- \f\ 2 tM = \9\ 2 §z t M> im ^^i- 

Since fg has an isolated critical value, then E(/g) C (/<?) -1 (0). Define 7 = 
(/ _1 (0) n <7 _1 (0)), a complex variety in C™ of codimension 2. 

From the equations above we know that 7 C E. If x G E(/), then f(x) = and 
Jj- = for any i = 1, . . . , n; hence x S E and therefore E(/) C E. In the same way 
we get £(s) C E. So E D 7 U £(/) U E(.g). 

Now, if x G E and x ^ 7, let us assume f(x) = and g(x) 7^ 0. Then by the 
third equation above we see that ^j- — 0, for any i — 1, . . . ,n, and hence x G E(/) 
(or if f{x) ^ and g(x) = 0, then x £ E(g)). Therefore E = 7 U £(/) U E( 5 ). 

Note that £(/<?) = {(^5 + • • • , ^9 + /g£) = Q}. Then E(/) C £(/<?), 
C £(/<?) and 7 c E(/ 5 ). So we get that E C E(/ 5 ). 

On the other hand, if a; € E(/g) and x ^ 7, then either /(a;) = or g(a;) = 0. 
Suppose f(x) = 0. Then §^:(x) = for any i = I, . . . ,n, and hence 2 g E(/). In 
the same way, if g(x) = 0, then x 6 E(g), so E(/<?) C E. Hence E = £(/g). □ 

The next lemma is immediate from the previous discussion (see Theorem |1.8| : 

Lemma 3.3. The hypothesis (B) implies that the critical locus E of fg is either 
smooth or it is a complex analytic variety of dimension k < n — 2 with an isolated 
singularity and one has: 

(1) The link £(E) is a smooth manifold and the vanishing zone W is a fibre 
bundle over L(E) with fibre a (2n — 2k) -dimensional disk in S € . 
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(2) For any t G Dt, we can define the sets F t , Fq, L t , Lq, Wt and Wq as 
before, and Wt and Wq are fibre bundles over L(E). 

Now let 

E = Si U ■ • • U E r 

be the decomposition of E into irreducible components. Then L(E) has a corre- 
sponding decomposition into disjoint components: 

i(E) =L(E 1 )U---UL(E r ). 

Hence W has a decomposition into disjoint connected components given by 

W = W[l] U ■ ■ • U W[r] 

and Wt and Wq have decompositions into disjoint connected components given by 

Wt = W t [l]U---UW t [r] 

and 

Wo = W [l] U ••• U W [r]. 
Then each connected component Wq[i\ is a fibre bundle over the ( 2 fc— 1) -manifold 
i(Ej) and each connected component Wt[i] is a fibre bundle over -L(Ej): 



L(E0 L(Ei) 
where the ball B e (s) 2 "- 2fc C S 2 ™" 1 can be taken to be a Milnor ball for (fg) s (see 



the claim of the proof of Theorem 1.6), and (fg) s : Bg(s) — ^ C has an isolated 
singularity at G Bg(s). 

From now on we consider the Milnor fibration of fg defined on a polydisk instead 
of on a ball. That is, we consider the polydisk 

A e := {(zi, . . . , z n ) e C™ : max{\zi\,. . . , \z n \} < e} , 

instead of the ball B e . Then we can choose a coordinate system . . . , z n ) of C™ 
such that there exists e > such that for any e' < e the boundary of the polydisk 
A e intersects E transversally at the open face 

{(zi, . . .,z n ) G C" : max{|zi|, . . . , |zn-i|} < e, |z n | = e}, 

which contains L{Y>). 

Then for each s G i(E), we can consider (fg) s to be the real analytic isolated 
singularity function germ 

(fg), : (H s ,s) -> (C,0) , 

given by the restriction of /<? to 7? s , where is the (n — fc) -dimensional affine 
hyperplane of C ra passing through s and parallel to {z„~/c+i = z„_j. +2 • • • = z n = 0}. 
We remark that (i) of Theo rem |3.1| was proved already in Lemma 1.4 We shall 



prove (zi) and (m) of Theorem 3.1 First we need to construct a Le Polyhedron for 
each isolated singularity (fg) s - 

Notice that if g is constant, then fg is holomorphic, and the construction of a 
Le polyhedron for (fg) s is given by Le's theorem in [5], So we assume that neither 
g nor / are constant. 
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By hypothesis (C) we have that (/ 1 (0)Dg 1 (0)) has complex dimension (n — 2). 
bmce 

n g _1 (0)) is contained in E, we must have k > n — 2. But since 
k < n — 2, it follows that k — n — 2. Then i?, is a 2-dimensional affine hyperplane 



and the construction of a Le polyhedron for (fg) s is given by Theorem 2.7 
Then we obtain: 

• A polyhedron P t ^ s of real dimension n — k — 1 in the compact real surface 
(/g)j 1 (t) such that deformation retracts to Pt tS - 

• A continuous map ty t}S : (fg)^ 1 ^) — > (fg)^ 1 ^) which sends P tjS to {0} 
and such that s restricts to a homeomorphism from (fg)j 1 (t)\Pt s to 
(/.9)7 1 (0)\{0}. 

Now fix Si £ L{T,i) and t £ D*. Consider P{ jSi a Le Polyhedron for (fg) Si and 
^t.si a collapsing map as in the previous lemma. Since Wt[i] is a fibre bundle over 
L(Y.i), it follows that for any s € Z-(Ei)\{si} there exists a homeomorphism 

ht, B : (B^s),^); 1 ^)) -> (B^),^)" 1 ^)) 

and a homeomorphism 

V : (B 9 («), (/5)7 X (0)) (Be^),^)" 1 ^)), 

where Bg(s;) C P/ Si is a Milnor ball for (fg) Si (and therefore Bg(s) C is a 
Milnor ball for Then for each s € L(£i)\{si} we define 

P M :=^ 1 (P t , Si ). 

Lemma 3.4. For each s £ L(Ei)\{si} , the polyhedron P t . s defined as above is a 
Le Polyhedron for (fg) s . 

Proof. We show first that: deformation retracts to P ts . Since (fg)^ 1 ^) 

deformation retracts to Pt, Si , there exists a family of maps a K : (fg)jr(t) — > 
(fg)j}(t) in the real parameter re £ I, where / denotes the unit interval, such that 
a is the identity, (^((/g)" 1 ^)) = Pt, Si and the restriction of a K to P t ^ 8i is the iden- 
tity, for any re £ I. Then for each reel, define the map (3 K : — > {fg)^ 1 ^) 
by setting /3 K = h^ 1 o a K o h. This family of maps clearly defines a deformation 
retraction of onto P i)S . 

Now we prove that there exists a continuous map ^ t ,s '■ — > (/5)7 1 (0) 
such that ^ t ,s restricts to a homeomorphism from (/g)j 1 (t)\P tjS to (/ff)7 1 (0)\{s} 
and such that * tjS sends P t . s to {s}. Setting ty tiS := \ o \l/ t!S . o /i t s we clearly 
obtain the desired map: 



□ 



We now set P t [i] to be the union of the Pt, Si with the union of all the P tjS for 
s £ L(£i)\{si} defined as above, that is, 

PM ■■= (J P M- 
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Then clearly P t [i] is a fibre bundle over L(Yn) with fibre P tySi and Wt[i] deformation 
retracts to Pt[i]; 

Pt,s t C >PtW 

p 

Now define the continuous map $f[i] : W*[i] — >■ Wo[*] by setting 

Vt[i]{x) := * tMx) [i\(x). 
Clearly ^[i] restricts to a homeomorphism from Wt[i]\Pt[z] to Wo[i]\L(Ej) and 



sends P t [i] to L(Ej). Thus we arrive to Theorem 3.1 
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